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1. Introduction and Preliminaries
In this work, we define Gaussian generalized Tetranacci numbers and give properties of Gaussian
Tetranacci and Gaussian Tetranacci-Lucas numbers as special cases. First, we present some background
about generalized Tetranacci numbers and Gaussian numbers before defining Gaussian generalized Tetranacci
numbers.
There have been so many studies of the sequences of numbers in the literature which are defined recur-
sively. Two of these type of sequences are the sequences of Tetranacci and Tetranacci-Lucas which are special
case of generalized Tetranacci numbers. A generalized Tetranacci sequence {Vn}n≥0 = {Vn(V0, V1, V2, V3)}n≥0
is defined by the fourth-order recurrence relations
(1.1) Vn = Vn−1 + Vn−2 + Vn−3 + Vn−4,
with the initial values V0 = c0, V1 = c1, V2 = c2, V3 = c3 not all being zero.
This sequence has been studied by many authors and more detail can be found in the extensive literature
dedicated to these sequences, see for example [12], [16], [17], [21], [28], [29].
The sequence {Vn}n≥0 can be extended to negative subscripts by defining
V−n = −V−(n−1) − V−(n−2) − V−(n−3) + V−(n−4)
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for n = 1, 2, 3, .... Therefore, recurrence (1.1) holds for all integer n.
The first few generalized Tetranacci numbers with positive subscript and negative subscript are given in
the following table:
n 0 1 2 3 4 5 ...
Vn c0 c1 c2 c3 c0 + c1 + c2 + c3 c0 + 2c1 + 2c2 + 2c3 ...
V−n c0 c3 − c2 − c1 − c0 2c2 − c3 2c1 − c2 2c0 − c1 2c3 − 2c2 − 2c1 − 3c0 ...
We consider two special cases of Vn : Vn(0, 1, 1, 2) =Mn is the sequence of Tetranacci numbers (sequence
A000078 in [22]) and Vn(4, 1, 3, 7) = Rn is the sequence of Tetranacci-Lucas numbers (A073817 in [22]). In
other words, Tetranacci sequence {Mn}n≥0 and Tetranacci-Lucas sequence {Rn}n≥0 are defined by the
fourth-order recurrence relations
(1.2) Mn =Mn−1 +Mn−2 +Mn−3 +Mn−4, M0 = 0,M1 = 1,M2 = 1,M3 = 2
and
(1.3) Rn = Rn−1 +Rn−2 +Rn−3 +Rn−4, R0 = 4, R1 = 1, R2 = 3, R3 = 7
respectively.
Next, we present the first few values of the Tetranacci and Tetranacci-Lucas numbers with positive and
negative subscripts:
n 0 1 2 3 4 5 6 7 8 9 10 11 12 13 ...
Mn 0 1 1 2 4 8 15 29 56 108 208 401 773 1490 ...
M−n 0 0 0 1 −1 0 0 2 −3 1 0 4 −8 5 ...
Rn 4 1 3 7 15 26 51 99 191 367 708 1365 2631 5071 ...
R−n 4 −1 −1 −1 7 −6 −1 −1 15 −19 4 −1 31 −53 ...
It is well known that for all integers n, usual Tetranaci and Tetranacci-Lucas numbers can be expressed
using Binet’s formulas
Mn =
αn+2
(α− β)(α − γ)(α − δ) +
βn+2
(β − α)(β − γ)(β − δ) +
γn+2
(γ − α)(γ − β)(γ − δ) +
δn+2
(δ − α)(δ − β)(δ − γ)
(see for example [12] or [30])
or
(1.4) Mn =
α− 1
5α− 8α
n−1 +
β − 1
5β − 8β
n−1 +
γ − 1
5γ − 8γ
n−1 ++
δ − 1
5δ − 8δ
n−1
(see for example [5])
and
Rn = α
n + βn + γn + δn
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respectively, where α, β, γ and δ are the roots of the cubic equation x4 − x3 − x2 − x− 1 = 0. Moreover,
α =
1
4
+
1
2
ω +
1
2
√
11
4
− ω2 + 13
4
ω−1,
β =
1
4
+
1
2
ω − 1
2
√
11
4
− ω2 + 13
4
ω−1,
γ =
1
4
− 1
2
ω +
1
2
√
11
4
− ω2 − 13
4
ω−1,
δ =
1
4
− 1
2
ω − 1
2
√
11
4
− ω2 − 13
4
ω−1,
where
ω =
√√√√11
12
+
(
−65
54
+
√
563
108
)1/3
+
(
−65
54
−
√
563
108
)1/3
.
Note that we have the following identities:
α+ β + γ + δ = 1,
αβ + αγ + αδ + βγ + βδ + γδ = −1,
αβγ + αβδ + αγδ + βγδ = 1,
αβγδ = −1.
We present an identity related with generalized Tetranacci numbers and Tetranacci numbers.
Theorem 1.1. For n ≥ 0 and m ≥ 0 the following identity holds:
(1.5) Vm+n =Mm−2Vn+3 + (Mm−3 +Mm−4 +Mm−5)Vn+2 + (Mm−3 +Mm−4)Vn+1 +Mm−3Vn
Proof. We prove the identity by induction on m. If m = 0 then
Vn =M−2Vn+3 + (M−3 +M−4 +M−5)Vn+2 + (M−3 +M−4)Vn+1 +M−3Vn
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which is true because M−2 = 0, M−3 = 1, M−4 = −1, M−5 = 0. Assume that the equaliy holds for all
m ≤ k. For m = k + 1, we have
V(k+1)+n = Vn+k + Vn+k−1 + Vn+k−2 + Vn+k−3
= (Mk−2Vn+3 + (Mk−3 +Mk−4 +Mk−5)Vn+2 + (Mk−3 +Mk−4)Vn+1 +Mk−3Vn)
+(Mk−3Vn+3 + (Mk−4 +Mk−5 +Mk−6)Vn+2 + (Mk−4 +Mk−5)Vn+1 +Mk−4Vn)
+(Mk−4Vn+3 + (Mk−5 +Mk−6 +Mk−7)Vn+2 + (Mk−5 +Mk−6)Vn+1 +Mk−5Vn)
+(Mk−5Vn+3 + (Mk−6 +Mk−7 +Mk−8)Vn+2 + (Mk−6 +Mk−7)Vn+1 +Mk−6Vn)
= (Mk−2 +Mk−3 +Mk−4 +Mk−5)Vn+3
+((Mk−3 +Mk−4 +Mk−5 +Mk−6) + (Mk−4 +Mk−5 +Mk−6 +Mk−7)
+ (Mk−5 +Mk−6 +Mk−7 +Mk−8))Vn+2
+((Mk−3 +Mk−4 +Mk−5 +Mk−6) + (Mk−4 +Mk−5 +Mk−6 +Mk−7))Vn+1
+(Mk−3 +Mk−4 +Mk−5 +Mk−6)Vn
= Mk−1Vn+3 + (Mk−2 +Mk−3 +Mk−4)Vn+2 + (Mk−2 +Mk−3)Vn+1 +Mk−2Vn
= M(k+1)−2Vn+3 + (M(k+1)−3 +M(k+1)−4 +M(k+1)−5)Vn+2
+(M(k+1)−3 +M(k+1)−4)Vn+1 +M(k+1)−3Vn.
By induction on m, this proves (3.8).
The previous Theorem gives the following results as particular examples: For n ≥ 0 and m ≥ 0, we have
(taking Vn =Mn)
Mm+n =Mm−2Mn+3 + (Mm−3 +Mm−4 +Mm−5)Mn+2 + (Mm−3 +Mm−4)Mn+1 +Mm−3Mn
and (taking Vn = Rn)
Rm+n =Mm−2Rn+3 + (Mm−3 +Mm−4 +Mm−5)Rn+2 + (Mm−3 +Mm−4)Rn+1 +Mm−3Rn.
Next we present the Binet’s formula of the generalized Tetranacci sequence.
Lemma 1.2. The Binet’s formula of the generalized Tetranacci sequence {Vn} is given as
Vn =Mn−3V0 + (Mn−3 +Mn−4)V1 + (Mn−3 +Mn−4 +Mn−5)V2 +Mn−2V3.
Proof. Take n = 0 and then replace n with m in Theorem 1.1.
For another proof of the Lemma 1.2, see [21]. This Lemma is also a special case of a work on the nth
k-generalized Fibonacci number (which is also called k-step Fibonacci number) in [2, Theorem 2.2.].
Corollary 1.3. The Binet’s formula of the generalized Tetranacci sequence {Vn} is given as
Vn = Aα
n−6 +Bβn−6 + Cγn−6 +Dγn−6
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where
A =
α− 1
5α− 8(V3α
3 + (V0 + V1 + V2)α
2 + (V1 + V2)α+ V2)
B =
β − 1
5β − 8(V3β
3 + (V0 + V1 + V2)β
2 + (V1 + V2)β + V2)
C =
γ − 1
5γ − 8(V3γ
3 + (V0 + V1 + V2)γ
2 + (V1 + V2)γ + V2)
D =
δ − 1
5δ − 8(V3γ
3 + (V0 + V1 + V2)γ
2 + (V1 + V2)γ + V2)
Proof. The proof follows from Lemma 1.2 and (1.4).
In fact, Corollary 1.3 is a special case of a result in [2, Remark 2.3.].
Next, we give the ordinary generating function
∞∑
n=0
anx
n of the sequence Vn.
Lemma 1.4. Suppose that fVn(x) =
∞∑
n=0
anx
n is the ordinary generating function of the generalized
Tetranacci sequence {Vn}n≥0.Then fVn(x) is given by
(1.6) fVn(x) =
V0 + (V1 − V0)x+ (V2 − V1 − V0)x2 + (V3 − V2 − V1 − V0)x3
1− x− x2 − x3 − x4 .
Proof. Using (1.1) and some calculation, we obtain
fVn(x)− xfVn(x)− x2fVn(x) − x3fVn(x) = V0 + (V1 − V0)x + (V2 − V1 − V0)x2
which gives (1.6).
The previous Lemma gives the following results as particular examples: generating function of the
Tetranacci sequence Mn is
fMn(x) =
∞∑
n=0
Mnx
n =
x
1− x− x2 − x3 − x4
and generating function of the Tetranacci-Lucas sequence Rn is
fRn(x) =
∞∑
n=0
Rnx
n =
4− 3x− 2x2 − x3
1− x− x2 − x3 − x4 .
In literature, there have been so many studies of the sequences of Gaussian numbers. A Gaussian integer
z is a complex number whose real and imaginary parts are both integers, i.e., z = a + ib, a, b ∈ Z. These
numbers is denoted by Z[i]. The norm of a Gaussian integer a + ib, a, b ∈ Z is its Euclidean norm, that is,
N(a + ib) =
√
a2 + b2 =
√
(a+ ib)(a− ib). For more information about this kind of integers, see the work
of Fraleigh [6].
If we use together sequences of integers defined recursively and Gaussian type integers, we obtain a new
sequences of complex numbers such as Gaussian Fibonacci, Gaussian Lucas, Gaussian Pell, Gaussian Pell-
Lucas and Gaussian Jacobsthal numbers; Gaussian Padovan and Gaussian Pell-Padovan numbers; Gaussian
Tribonacci numbers.
In 1963, Horadam [13] introduced the concept of complex Fibonacci number called as the Gaussian
Fibonacci number. Pethe [19] defined the complex Tribonacci numbers at Gaussian integers, see also [8].
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There are other several studies dedicated to these sequences of Gaussian numbers such as the works in [1],
[3], [4], [8], [9], [10], [11], [13], [14], [15], [18], [23], [24], [25], [26], among others.
2. Gaussian Generalized Tetranacci Numbers
Gaussian generalized Tetranacci numbers {GVn}n≥0 = {GVn(GV0, GV1, GV2, GV3)}n≥0 are defined by
(2.1) GVn = GVn−1 +GVn−2 +GVn−3 +GVn−4,
with the initial conditions
GV0 = c0 + i(c3 − c2 − c1 − c0), GV1 = c1 + ic0, GV2 = c2 + ic1, GV3 = c3 + ic2,
not all being zero. The sequences {GVn}n≥0 can be extended to negative subscripts by defining
GV−n = −GV−(n−1) −GV−(n−2) −GV−(n−3) +GV−(n−4)
for n = 1, 2, 3, .... Therefore, recurrence (2.1) hold for all integer n. Note that for n ≥ 0
(2.2) GVn = Vn + iVn−1.
and
GV−n = V−n + iV−n−1
The first few generalized Gaussian Tetranacci numbers with positive subscript and negative subscript
are given in the following table:
n GVn GV−n
0 c0 + i(c3 − c2 − c1 − c0) c0 + i(c3 − c2 − c1 − c0)
1 c1 + ic0 (c3 − c2 − c1 − c0) + i(2c2 − c3)
2 c2 + ic1 2c2 − c3 + i(2c1 − c2)
3 c3 + ic2 2c1 − c2 + i(2c0 − c1)
4 c0 + c1 + c2 + c3 + ic3 2c0 − c1 + i(2c3 − 3c0 − 2c1 − 2c2)
We consider two special cases of GVn : GVn(0, 1, 1+ i, 2+ i) = GMn is the sequence of Gaussian Tetranacci
numbers and GVn(4− i, 1 + 4i, 3 + i, 7 + 3i) = GRn is the sequence of Gaussian Tetranacci-Lucas numbers.
We formally define them as follows:
Gaussian Tetranacci numbers are defined by
(2.3) GMn = GMn−1 +GMn−2 +GMn−3 +GMn−4,
with the initial conditions
GM0 = 0, GM1 = 1, GM2 = 1 + i, GM3 = 2 + i
and Gaussian Tetranacci-Lucas numbers are defined by
(2.4) GRn = GRn−1 +GRn−2 +GRn−3 +GRn−4
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with the initial conditions
GR0 = 4− i, GR1 = 1 + 4i, GR2 = 3 + i, GR3 = 7 + 3i.
Note that for n ≥ 0
GMn =Mn + iMn−1, GRn = Rn + iRn−1
and
GM−n =M−n + iM−n−1, GR−n = R−n + iR−n−1.
The first few values of Gaussian Tetranacci numbers with positive and negative subscript are given in the
following table.
n 0 1 2 3 4 5 6 7 8 9
GMn 0 1 1 + i 2 + i 4 + 2i 8 + 4i 15 + 8i 29 + 15i 56 + 29i 108 + 56i
GM−n 0 0 i 1− i −1 0 2i 2− 3i −3 + i 1
The first few values of Gaussian Tetranacci-Lucas numbers with positive and negative subscript are given
in the following table.
n 0 1 2 3 4 5 6 7 8
GRn 4− i 1 + 4i 3 + i 7 + 3i 15 + 7i 26 + 15i 51 + 26i 99 + 51i 191 + 99i
GR−n 4− i −1− i −1− i −1 + 7i 7− 6i −6− i −1− i −1 + 15i 15− 19i
The following Theorem presents the generating function of Gaussian generalized Tetranacci numbers.
Theorem 2.1. The generating function of Gaussian generalized Tetranacci numbers is given as
(2.5) fGVn(x) =
GV0 + (GV1 −GV0)x+ (GV2 −GV1 −GV0)x2 + (GV3 −GV2 −GV1 −GV0)x3
1− x− x2 − x3 − x4 .
Proof. Let
fGVn(x) =
∞∑
n=0
GVnx
n
be generating function of Gaussian generalized Tetranacci numbers. Then using the definition of generalized
Gaussian Tetranacci numbers, and substracting xf(x), x2f(x), x3f(x) and x4f(x) from f(x) we obtain (note
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the shift in the index n in the third line)
(1− x− x2 − x3 − x4)fGVn(x)
=
∞∑
n=0
GVnx
n − x
∞∑
n=0
GVnx
n − x2
∞∑
n=0
GVnx
n − x3
∞∑
n=0
GVnx
n − x4
∞∑
n=0
GVnx
n
=
∞∑
n=0
GVnx
n −
∞∑
n=0
GVnx
n+1 −
∞∑
n=0
GVnx
n+2 −
∞∑
n=0
GVnx
n+3 −
∞∑
n=0
GVnx
n+4
=
∞∑
n=0
GVnx
n −
∞∑
n=1
GVn−1x
n −
∞∑
n=2
GVn−2x
n −
∞∑
n=3
GVn−3x
n −
∞∑
n=4
GVn−4x
n
= (GV0 +GV1x+GV2x
2 +GV3x
3)− (GV0x+GV1x2 +GV2x3)− (GV0x2 +GV1x3)−GV0x3
+
∞∑
n=4
(GVn −GVn−1 −GVn−2 −GVn−3 −GVn−4)xn
= GV0 + (GV1 −GV0)x+ (GV2 −GV1 −GV0)x2 + (GV3 −GV2 −GV1 −GV0)x3
Rearranging above equation, we get
fGVn(x) =
GV0 + (GV1 −GV0)x + (GV2 −GV1 −GV0)x2 + (GV3 −GV2 −GV1 −GV0)x3
1− x− x2 − x3 − x4 .
The previous Theorem gives the following results as particular examples: the generating function of
Gaussian Tetranacci numbers is
(2.6) fGMn(x) =
x+ ix2
1− x− x2 − x3 − x4
and the generating function of Gaussian Tetranacci-Lucas numbers is
(2.7) fGRn(x) =
− (1 + i)x3 − (2 + 2i)x2 − (3− 5i)x+ 4− i
1− x− x2 − x3 − x4 .
The result (2.6) is already known, (see [24]).
We now present the Binet formula for the Gaussian generalized Tetranacci numbers.
Theorem 2.2. The Binet formula for the Gaussian generalized Tetranacci numbers is
GVn =
(
Aαn−6 +Bβn−6 + Cγn−6 +Dγn−6
)
+ i
(
Aαn−6 +Bβn−6 + Cγn−6 +Dγn−6
)
where A,B,C and D are as in Corollary (1.3).
Proof. The proof follows from Corollary (1.3) and GVn = Vn + iVn−1.
The previous Theorem gives the following results as particular examples: the Binet formula for the
Gaussian Tetranacci numbers is
GMn =

 αn+2(α−β)(α−γ)(α−δ) + βn+2(β−α)(β−γ)(β−δ)
+ γ
n+2
(γ−α)(γ−β)(γ−δ) +
δn+2
(δ−α)(δ−β)(δ−γ)

+ i

 αn+2(α−β)(α−γ)(α−δ) + βn+2(β−α)(β−γ)(β−δ)
+ γ
n+2
(γ−α)(γ−β)(γ−δ) +
δn+2
(δ−α)(δ−β)(δ−γ)


and the Binet formula for the Gaussian Tetranacci-Lucas numbers is
GRn = (α
n + βn + γn + δn) + i
(
αn−1 + βn−1 + γn−1 + δn
)
.
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The following Theorem present some formulas of Gaussian generalized Tetranacci numbers.
Theorem 2.3. For n ≥ 1 we have the following formulas:
(a): (Sum of the Gaussian generalized Tetranacci numbers)
n∑
k=1
GVk =
1
3
(GVn+2 + 2GVn +GVn−1 −GV0 +GV1 −GV3)
(b):
∑n
k=1GV2k+1 =
1
3 (2GV2n+2 +GV2n −GV2n−1 − 2GV0 −GV1 − 3GV2 +GV3)
(c):
∑n
k=1GV2k =
1
3 (2GV2n+1 +GV2n−1 −GV2n−2 +GV0 −GV1 + 3GV2 − 2GV3).
Proof.
(a): Using the recurrence relation
GVn = GVn−1 +GVn−2 +GVn−3 +GVn−4
i.e.
GVn−4 = GVn −GVn−1 −GVn−2 −GVn−3
we obtain
GV0 = GV4 −GV3 −GV2 −GV1
GV1 = GV5 −GV4 −GV3 −GV2
GV2 = GV6 −GV5 −GV4 −GV3
GV3 = GV7 −GV6 −GV5 −GV4
GV4 = GV8 −GV7 −GV6 −GV5
...
GVn−4 = GVn −GVn−1 −GVn−2 −GVn−3
GVn−3 = GVn+1 −GVn −GVn−1 −GVn−2
GVn−2 = GVn+2 −GVn+1 −GVn −GVn−1
GVn−1 = GVn+3 −GVn+2 −GVn+1 −GVn
GVn = GVn+4 −GVn+3 −GVn+2 −GVn+1.
If we add the equations by side by, we get
n∑
k=1
GVk =
1
3
(GVn+4 −GVn+2 − 2GVn+1 −GV0 +GV1 −GV3)
=
1
3
(GVn+2 + 2GVn +GVn−1 −GV0 +GV1 −GV3).
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(b): When we use (2.1), we obtain the following equalities:
GVk = GVk−1 +GVk−2 +GVk−3 +GVk−4
GV4 = GV3 +GV2 +GV1 +GV0
GV6 = GV5 +GV4 +GV3 +GV2
GV8 = GV7 +GV6 +GV5 +GV4
GV10 = GV9 +GV8 +GV7 +GV6
...
GV2n+2 = GV2n+1 +GV2n +GV2n−1 +GV2n−2.
If we rearrange the above equalities, we obtain
GV3 = GV4 −GV2 −GV1 −GV0
GV5 = GV6 −GV4 −GV3 −GV2
GV7 = GV8 −GV6 −GV5 −GV4
GV9 = GV10 −GV8 −GV7 −GV6
...
GV2n−1 = GV2n −GV2n−2 −GV2n−3 −GV2n−4
GV2n+1 = GV2n+2 −GV2n −GV2n−1 −GV2n−2.
Now, if we add the above equations by side by, we get
n∑
k=1
GV2k+1 = GV2n+2 −GV2 −
2n−1∑
k=1
GVk −GV0
= GV2n+2 −GV2 − 1
3
(GV(2n−1)+4 −GV(2n−1)+2 − 2GV(2n−1)+1 −GV0 +GV1 −GV3)−GV0
= GV2n+2 −GV2 − 1
3
(GV2n+3 −GV2n+1 − 2GV2n −GV0 +GV1 −GV3)−GV0
= −1
3
(−3GV2n+2 +GV2n+3 −GV2n+1 − 2GV2n + 2GV0 +GV1 + 3GV2 −GV3)
=
1
3
(3GV2n+2 −GV2n+3 +GV2n+1 + 2GV2n − 2GV0 −GV1 − 3GV2 +GV3)
and
3GV2n+2 −GV2n+3 +GV2n+1 + 2GV2n = 2GV2n+2 + (GV2n+2 +GV2n+1 +GV2n −GV2n+3) +GV2n
= 2GV2n+2 +GV2n −GV2n−1
So
n∑
k=1
GV2k+1 =
1
3
(2GV2n+2 +GV2n −GV2n−1 − 2GV0 −GV1 − 3GV2 +GV3).
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(c): Since
n∑
k=1
GV2k+1 +
n∑
k=1
GV2k =
2n+1∑
k=1
GVk −GV1
we have
n∑
k=1
GVk =
1
3
(GVn+4 −GVn+2 − 2GVn+1 −GV0 +GV1 −GV3)
=
1
3
(GVn+2 + 2GVn +GVn−1 −GV0 +GV1 −GV3),
n∑
k=1
GV2k+1 =
1
3
(2GV2n+2 +GV2n −GV2n−1 − 2GV0 −GV1 − 3GV2 +GV3)
n∑
k=1
GV2k =
2n+1∑
k=1
GVk −
n∑
k=1
GV2k+1 −GV1
=
1
3
(GV(2n+1)+4 −GV(2n+1)+2 − 2GV(2n+1)+1 −GV0 +GV1 −GV3)
−1
3
(2GV2n+2 +GV2n −GV2n−1 − 2GV0 −GV1 − 3GV2 +GV3)−GV1
=
1
3
(GV2n+5 −GV2n+3 − 2GV2n+2 −GV0 +GV1 −GV3) + 1
3
(−2GV2n+2 −GV2n
+GV2n−1 + 2GV0 +GV1 + 3GV2 −GV3 − 3GV1)
=
1
3
(GV2n+5 −GV2n+3 − 2GV2n+2 −GV0 +GV1 −GV3 − 2GV2n+2 −GV2n +GV2n−1
+2GV0 +GV1 + 3GV2 −GV3 − 3GV1)
=
1
3
(GV2n+5 −GV2n+3 − 4GV2n+2 −GV2n +GV2n−1 +GV0 −GV1 + 3GV2 − 2GV3)
=
1
3
(2GV2n+1 +GV2n−1 −GV2n−2 +GV0 −GV1 + 3GV2 − 2GV3)
This completes the proof.
As special cases of above Theorem, we have the following two Corollaries. First one present some
formulas of Gaussian Tetranacci numbers.
Corollary 2.4. For n ≥ 1 we have the following formulas:
(a): (Sum of the Gaussian Tetranacci numbers)
n∑
k=1
GMk =
1
3
(GMn+2 + 2GMn +GMn−1 − (1 + i))
(b):
∑n
k=1GM2k+1 =
1
3 (2GM2n+2 +GM2n −GM2n−1 − 2− 2i)
(c):
∑n
k=1GM2k =
1
3 (2GM2n+1 +GM2n−1 −GM2n−2 − 2 + i).
Second Corollary gives some formulas of Gaussian Tetranacci-Lucas numbers.
Corollary 2.5. For n ≥ 1 we have the following formulas:
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(a): (Sum of the Gaussian Tetranacci-Lucas numbers)
n∑
k=1
GRk =
1
3
(GRn+2 + 2GRn +GRn−1 − 10 + 2i)
(b):
∑n
k=1GR2k+1 =
1
3 (2GR2n+2 +GR2n −GR2n−1 − 11− 2i)
(c):
∑n
k=1GR2k =
1
3 (2GR2n+1 +GR2n−1 −GR2n−2 − 2− 8i).
In fact, using the method of the proof of Theorem 2.3, we can prove the following formulas of generalized
Tetranacci numbers.
Theorem 2.6. For n ≥ 1 we have the following formulas:
(a): (Sum of the generalized Tetranacci numbers)
n∑
k=1
Vk =
1
3
(Vn+2 + 2Vn + Vn−1 − V0 + V1 − V3)
(b):
∑n
k=1 V2k+1 =
1
3 (2V2n+2 + V2n − V2n−1 − 2V0 − V1 − 3V2 + V3)
(c):
∑n
k=1 V2k =
1
3 (2V2n+1 + V2n−1 − V2n−2 + V0 − V1 + 3V2 − 2V3).
As special cases of above Theorem, we have the following two Corollaries. First one present some
formulas of Tetranacci numbers.
Corollary 2.7. For n ≥ 1 we have the following formulas:
(a): (Sum of the Tetranacci numbers)
n∑
k=1
Mk =
1
3
(Mn+2 + 2Mn +Mn−1 − 1)
(b):
∑n
k=1M2k+1 =
1
3 (2M2n+2 +M2n −M2n−1 − 2)
(c):
∑n
k=1M2k =
1
3 (2M2n+1 +M2n−1 −M2n−2 − 2).
Second Corollary gives some formulas of Tetranacci-Lucas numbers.
Corollary 2.8. For n ≥ 1 we have the following formulas:
(a): (Sum of the Tetranacci-Lucas numbers)
n∑
k=1
Rk =
1
3
(Rn+2 + 2Rn +Rn−1 − 10)
(b):
∑n
k=1 R2k+1 =
1
3 (2R2n+2 +R2n −R2n−1 − 11)
(c):
∑n
k=1 R2k =
1
3 (2R2n+1 +R2n−1 −R2n−2 − 2).
Note that if the sum starts with the zero then the constant in the formula may only change, for example
n∑
k=0
Rk = R0 +
n∑
k=1
Rk = 4 +
1
3
(Rn+2 + 2Rn +Rn−1 − 10) = 1
3
(Rn+2 + 2Rn +Rn−1 + 2)
but
n∑
k=0
Mk =M0 +
n∑
k=1
Mk =
n∑
k=1
Mk =
1
3
(Mn+2 + 2Mn +Mn−1 − 1).
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3. Some Identities Connecting Gaussian Tetranacci and Gaussian Tetranacci-Lucas Numbers
In this section, we obtain some identities of Gaussian Tetranacci numbers and Gaussian Tetranacci-Lucas
numbers.
First, we can give a few basic relations between {GMn} and {GRn} as
(3.1) GRn = −GMn+3 + 6GMn+1 −GMn
(3.2) GRn = −GMn+2 + 5GMn+1 − 2GMn −GMn−1
and also
(3.3) GRn = 4GMn+1 − 3GMn − 2GMn−1 −GMn−2.
Note that the last three identities hold for all integers n. For example, to show (3.1), writing
GRn = aGMn+3 + bGMn+2 + cGMn+1 + dGMn
and solving the system of equations
GR0 = aGM3 + bGM2 + cGM1 + dGM0
GR1 = aGM4 + bGM3 + cGM2 + dGM1
GR2 = aGM5 + bGM4 + cGM3 + dGM2
GR3 = aGM6 + bGM5 + cGM4 + dGM3
we find that a = −1, b = 0, c = 6, d = −1. Or using the relations GMn =Mn + iMn−1, GRn = Rn + iRn−1
and identity Rn = −Mn+3 + 6Mn+1 −Mn we obtain the identity (3.1). The others can be found similarly.
We will present some other identities between Gaussian Tetranacci and Gaussian Tetranacci-Lucas num-
bers with the help of generating functions.
The following lemma will help us to derive the generating functions of even and odd-indexed Gaussian
Tetranacci and Gaussian Tetranacci-Lucas sequences.
Lemma 3.1 ([7]). Suppose that f(x) =
∞∑
n=0
anx
n is the generating function of the sequence {an}n≥0.
Then the generating functions of the sequences {a2n}n≥0 and {a2n+1}n≥0 are given as
fa2n(x) =
∞∑
n=0
a2nx
n =
f(
√
x) + f(−√x)
2
and
fa2n+1(x) =
∞∑
n=0
a2n+1x
n =
f(
√
x)− f(−√x)
2
√
x
respectively.
The next Theorem presents the generating functions of even and odd-indexed generalized Tetranacci
sequences.
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Theorem 3.2. The generating functions of the sequences V2n and V2n+1 are given by
fV2n(x) =
V0 + (−3V0 + V2)x+ (−2V0 + V1 − 2V2 + V3)x2 + (−2V2 + V3)x3
x4 + x3 − 3x2 − 3x+ 1
and
fV2n+1(x) =
V1 + (−3V1 + V3)x+ (V0 − V1 + 2V2 − V3)x2 + (V0 + V1 + V2 − V3)x3
x4 + x3 − 3x2 − 3x+ 1
respectively.
Proof. Both statements are consequences of Lemma 3.1 applied to (1.6) and some lengthy work.
From the previous Theorem we get the following results as particular examples: the generating functions
of the sequences M2n and M2n+1 are given by
fM2n(x) =
x2 + x
x4 + x3 − 3x2 − 3x+ 1 , fM2n+1(x) =
−x2 − x+ 1
x4 + x3 − 3x2 − 3x+ 1
and the generating functions of the sequences R2n and R2n+1 are given by
fR2n(x) =
x3 − 6x2 − 9x+ 4
x4 + x3 − 3x2 − 3x+ 1 , fR2n+1(x) =
x3 + 2x2 + 4x+ 1
x4 + x3 − 3x2 − 3x+ 1 .
The next Theorem presents the generating functions of even and odd-indexed Gaussian generalized
Tetranacci sequences.
Theorem 3.3. The generating functions of the sequences GV2n and GV2n+1 are given by
fGV2n =
GV0 + (−3GV0 +GV2)x+ (−2GV0 +GV1 − 2GV2 +GV3)x2 + (−2GV2 +GV3)x3
x4 + x3 − 3x2 − 3x+ 1
and
fGV2n+1 =
GV1 + (−3GV1 +GV3)x+ (GV0 −GV1 + 2GV2 −GV3)x2 + (GV0 +GV1 +GV2 −GV3)x3
x4 + x3 − 3x2 − 3x+ 1
respectively.
Proof. Both statements are consequences of Lemma 3.1 applied to (2.5) and some lengthy algebraic
calculations.
The previous theorem gives the following two corollaries as particular examples. Firstly, the next one
presents the generating functions of even and odd-indexed Gaussian Tetranacci sequences.
Corollary 3.4. The generating functions of the sequences GM2n and GM2n+1 are given by
(3.4) fGM2n =
(1 + i)x+ (1− i)x2 − ix3
x4 + x3 − 3x2 − 3x+ 1
and
(3.5) fGM2n+1 =
1− (1− i)x− (1− i)x2
x4 + x3 − 3x2 − 3x+ 1
respectively.
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The following Corollary gives the generating functions of even and odd-indexed Gaussian Tetranacci-
Lucas sequences.
Corollary 3.5. The generating functions of the sequences GR2n and GR2n+1 are given by
(3.6) fGR2n(x) =
(4− i)− (9− 4i)x− (6− 7i)x2 + (1 + i)x3
x4 + x3 − 3x2 − 3x+ 1
and
(3.7) fGR2n+1(x) =
(1 + 4i) + (4− 9i)x+ (2− 6i)x2 + (1 + i)x3
x4 + x3 − 3x2 − 3x+ 1
respectively.
The next Corollary present identities between Gaussian Tetranacci and Gaussian Tetranacci-Lucas se-
quences.
Corollary 3.6. We have the following identities:
(4− i)GM2n − (9− 4i)GM2n−2 − (6− 7i)GM2n−4 + (1 + i)GM2n−6
= (1 + i)GR2n−2 + (1− i)GR2n−4 − iGR2n−6,
(1 + 4i)GM2n + (4− 9i)GM2n−2 + (2− 6i)GM2n−4 + (1 + i)GM2n−6
= (1 + i)GR2n−1 + (1− i)GR2n−3 − iGR2n−5),
(4− i)GM2n+1 − (9− 4i)GM2n−1 − (6− 7i)GM2n−3 + (1 + i)GM2n−5
= GR2n − (1− i)GR2n−2 − (1− i))GR2n−4
(1 + 4i)GM2n+1 + (4− 9i)GM2n−1 + (2− 6i)GM2n−3 + (1 + i)GM2n−5
= GR2n+1 − (1− i)GR2n−1 − (1− i))GR2n−3
Proof. From (3.4) and (3.6) we obtain
((4 − i)− (9− 4i)x− (6− 7i)x2 + (1 + i)x3)fGM2n = ((1 + i)x+ (1− i)x2 − ix3)fGR2n .
The LHS (left hand side) is equal to
LHS = ((4 − i)− (9− 4i)x− (6− 7i)x2 + (1 + i)x3)
∞∑
n=0
GM2nx
n
= (5− i)x2 + (5 + 3i)x+
∞∑
n=3
((4− i)GM2n − (9− 4i)GM2n−2
− (6− 7i)GM2n−4 + (1 + i)GM2n−6)xn
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whereas the RHS is
RHS = ((1 + i)x+ (1− i)x2 − ix3)
∞∑
n=0
GR2nx
n
= (5− i)x2 + (5 + 3i)x+
∞∑
n=3
((1 + i)GR2n−2 + (1− i)GR2n−4 − iGR2n−6)xn.
Compare the coefficients and the proof of the first identity is done. The other identities can be proved
similarly by using (3.4)-(3.7).
We present an identity related with Gaussian general Tetranacci numbers and Tetranacci numbers.
Theorem 3.7. For n ≥ 0 and m ≥ 0 the following identity holds:
(3.8) GVm+n =Mm−2GVn+3 + (Mm−3 +Mm−4 +Mm−5)GVn+2 + (Mm−3 +Mm−4)GVn+1 +Mm−3GVn
Proof. We prove the identity by strong induction on m. If m = 0 then
GVn =M−2GVn+3 + (M−3 +M−4 +M−5)GVn+2 + (M−3 +M−4)GVn+1 +M−3GVn
which is true because M−2 = 0,M−3 = 1,M−4 = −1,M−5 = 0,. Assume that the equaliy holds for m ≤ k.
For m = k + 1, we have
GV(k+1)+n = GVn+k +GVn+k−1 +GVn+k−2 +GVn+k−3
= (Mk−2GVn+3 + (Mk−3 +Mk−4 +Mk−5)GVn+2 + (Mk−3 +Mk−4)GVn+1 +Mk−3GVn)
+(Mk−3GVn+3 + (Mk−4 +Mk−5 +Mk−6)GVn+2 + (Mk−4 +Mk−5)GVn+1 +Mk−4GVn)
+(Mk−4GVn+3 + (Mk−5 +Mk−6 +Mk−7)GVn+2 + (Mk−5 +Mk−6)GVn+1 +Mk−5GVn)
+(Mk−5GVn+3 + (Mk−6 +Mk−7 +Mk−8)GVn+2 + (Mk−6 +Mk−7)GVn+1 +Mk−6GVn)
= (Mk−2 +Mk−3 +Mk−4 +Mk−5)GVn+3
+((Mk−3 +Mk−4 +Mk−5 +Mk−6) + (Mk−4 +Mk−5 +Mk−6 +Mk−7)
+(Mk−5 +Mk−6 +Mk−7 +Mk−8))GVn+2
+((Mk−3 +Mk−4 +Mk−5 +Mk−6) + (Mk−4 +Mk−5 +Mk−6 +Mk−7))GVn+1
+(Mk−3 +Mk−4 +Mk−5 +Mk−6)GVn
= Mk−1GVn+3 + (Mk−2 +Mk−3 +Mk−4)GVn+2 + (Mk−2 +Mk−3)GVn+1 +Mk−2GVn
= M(k+1)−2GVn+3 + (M(k+1)−3 +M(k+1)−4 +M(k+1)−5)GVn+2
+(M(k+1)−3 +M(k+1)−4)GVn+1 +M(k+1)−3GVn
By strong induction on m, this proves (3.8).
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The previous Theorem gives the following results as particular examples: For n ≥ 0 and m ≥ 0, we have
(taking GVn = GMn)
GMm+n =Mm−2GMn+3 + (Mm−3 +Mm−4 +Mm−5)GMn+2 + (Mm−3 +Mm−4)GMn+1 +Mm−3GMn
and (taking GVn = GRn)
GRm+n =Mm−2GRn+3 + (Mm−3 +Mm−4 +Mm−5)GRn+2 + (Mm−3 +Mm−4)GRn+1 +Mm−3GRn.
4. Matrix Formulation of Vn
Now, consider the sequence {Un} which is defined by the fourth-order recurrence relation
Un = Un−1 + Un−2 + Un−3 + Un−4, U0 = U1 = 0, U2 = U3 = 1.
Next, we present the first few values of numbers Un with positive and negative subscripts:
n 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 ...
Un 0 0 1 1 2 4 8 15 29 56 108 208 401 773 1490 ...
U−n 0 0 1 −1 0 0 2 −3 1 0 4 −8 5 −1 8 ...
Note that some authors call {Un} as a Tetranacci sequence instead of {Mn}. The numbers Un can be
expressed using Binet’s formula
Un =
αn
(α− β)(α− γ)(α− δ) +
βn
(β − α)(β − γ)(β − δ) +
γn
(γ − α)(γ − β)(γ − δ) +
δn
(δ − α)(δ − β)(δ − γ) .
The matrix method is very useful method in order to obtain some identities for special sequences. We define
the square matrix A of order 4 as:
A =


1 1 1 1
1 0 0 0
0 1 0 0
0 0 1 0


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such that detM = −1. Induction proof may be used to establish
An =


Mn+1 Mn +Mn−1 +Mn−2 Mn +Mn−1 Mn
Mn Mn−1 +Mn−2 +Mn−3 Mn−1 +Mn−2 Mn−1
Mn−1 Mn−2 +Mn−3 +Mn−4 Mn−2 +Mn−3 Mn−2
Mn−2 Mn−3 +Mn−4 +Mn−5 Mn−3 +Mn−4 Mn−3


(4.1)
=


Un+2 Un+1 + Un + Un−1 Un+1 + Un Un+1
Un+1 Un + Un−1 + Un−2 Un + Un−1 Un
Un Un−1 + Un−2 + Un−3 Un−1 + Un−2 Un−1
Un−1 Un−2 + Un−3 + Un−4 Un−2 + Un−3 Un−2


(4.2)
=


Un+2 Un+2 − Un−2 Un+1 + Un Un+1
Un+1 Un+1 − Un−3 Un + Un−1 Un
Un Un − Un−4 Un−1 + Un−2 Un−1
Un−1 Un−1 − Un−5 Un−2 + Un−3 Un−2


.(4.3)
Matrix formulation of Mn and Rn can be given as
(4.4)


Mn+3
Mn+2
Mn+1
Mn


=


1 1 1 1
1 0 0 0
0 1 0 0
0 0 1 0


n

M3
M2
M1
M0


and
(4.5)


Rn+3
Rn+2
Rn+1
Rn


=


1 1 1 1
1 0 0 0
0 1 0 0
0 0 1 0


n

R3
R2
R1
R0


.
Induction proofs may be used to establish the matrix formulations Mn and Rn. Note that
GMn = iUn + Un+1
and
GRn = (3− 2i)Un+2 − (2− 6i)Un+1 − (1 + i)Un + (1 + i)Un−2.
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Consider the matrices NM , EM defined by as follows:
NM =


2 + i 1 + i 1 0
1 + i 1 0 0
1 0 0 i
0 0 i 1− i


EM =


GMn+3 GMn+2 GMn+1 GMn
GMn+2 GMn+1 GMn GMn−1
GMn+1 GMn GMn−1 GMn−2
GMn GMn−1 GMn−2 GMn−3


Next Theorem presents the relations between An, NM and EM .
Theorem 4.1. For n ≥ 3, we have
AnNM = EM .
Proof. Using the relation
GMn = iUn + Un+1,
and the calculations
a = (2 + i)Un + (1 + i)Un−1 + (2 + i)Un+1 + (2 + i)Un+2
= 2Un + iUn + Un−1 + iUn−1 + 2Un+1 + iUn+1 + 2Un+2 + iUn+2
= i(Un+2 + Un+1 + Un + Un−1) + (2Un+2 + 2Un+1 + 2Un + Un−1)
= iUn+3 + (Un+2 + Un+1 + Un + (Un+2 + Un+1 + Un + Un−1))
= iUn+3 + (Un+2 + Un+1 + Un + Un+3) = iUn+3 + Un+4 = GMn+3
and
Un + Un−1 + Un+1 + (1 + i)Un+2 = Un + Un−1 + Un+1 + Un+2 + iUn+2
= iUn+2 + Un+3 = GMn+2,
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we get
AnNM =


Un+2 Un+1 + Un + Un−1 Un+1 + Un Un+1
Un+1 Un + Un−1 + Un−2 Un + Un−1 Un
Un Un−1 + Un−2 + Un−3 Un−1 + Un−2 Un−1
Un−1 Un−2 + Un−3 + Un−4 Un−2 + Un−3 Un−2




2 + i 1 + i 1 0
1 + i 1 0 0
1 0 0 i
0 0 i 1− i


=


GMn+3 GMn+2 GMn+1 GMn
GMn+2 GMn+1 GMn GMn−1
GMn+1 GMn GMn−1 GMn−2
GMn GMn−1 GMn−2 GMn−3


.
Above Theorem can be proved by mathematical induction as well.
Consider the matrices NR, ER defined by as follows:
NR =


7 + 3i 3 + i 1 + 4i 4− i
3 + i 1 + 4i 4− i −1− i
1 + 4i 4− i −1− i −1− i
4− i −1− i −1− i −1 + 7i


ER =


GRn+3 GRn+2 GRn+1 GRn
GRn+2 GRn+1 GRn GRn−1
GRn+1 GRn GRn−1 GRn−2
GRn GRn−1 GRn−2 GRn−3


.
The following Theorem presents the relations between An, NR and ER.
Theorem 4.2. We have
AnNR = ER.
Proof. The proof requires some lengthy calculation, so we omit it.
The previous Theorem, also, can be proved by mathematical induction.
Similarly, matrix formulation of Vn can be given as


Vn+3
Vn+2
Vn+1
Vn


=


1 1 1 1
1 0 0 0
0 1 0 0
0 0 1 0


n

V3
V2
V1
V0


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Consider the matrices NV , EV defined by as follows:
NV =


ic2+c3 ic1+c2 ic0+c1 a1
ic1+c2 ic0+c1 (1− i)c0−ic1−ic2+ic3 a2
ic0+c1 (1− i)c0−ic1−ic2+ic3 (1 − i)c3−c1−(1− 2i)c2−c0 a3
(1− i)c0−ic1−ic2+ic3 (1− i)c3−c1−(1− 2i)c2−c0 2ic1+(2− i)c2−c3 a4


,
EV =


GVn+3 GVn+2 GVn+1 GVn
GVn+2 GVn+1 GVn GVn−1
GVn+1 GVn GVn−1 GVn−2
GVn GVn−1 GVn−2 GVn−3


.
where
a1 = (1 − i)c0 − ic1 − ic2 + ic3
a2 = (1 − i)c3 − c1 − (1− 2i)c2 − c0
a3 = 2ic1 + (2− i)c2 − c3
a4 = 2ic0 + (2− i)c1 − c2.
We now present our final Theorem.
Theorem 4.3. We have
AnNV = EV .
Proof. The proof requires some lengthy work, so we omit it.
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